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Figure 3. (a) Modeled surface velocity (m/yr) after inversion, (b) interferometric synthetic aperture
radar-derived surface velocity (m/yr) of the Antarctic Ice Sheet [Rignot et al., 2011], overlaid on a
RADARSAT-1 backscatter image.

The last term of equation (29) was neglected in the incom-
plete adjoint (equation (22)). We cannot derive the local
equations and we compute the adjoint state by solving this
weak formulation directly.

4. Application to the Antarctic Ice Sheet
[22] We employ the SeaRISE data set to initialize our

model of the Antarctic Ice Sheet. The surface elevation
is from Bamber et al. [2009], bed topography merges
BEDMAP1 [Lythe and Vaughan, 2001], and the AGASEA
UT/BAS ice thickness data from year 2004 [Vaughan et al.,
2006; Holt et al., 2006], and ice shelf thickness is from
Griggs and Bamber [2011]. For the thermal regime, we
employ the surface temperatures from Comiso [2000] and
the geothermal heat flux from Maule et al. [2005]. Surface
velocities are from Rignot et al. [2011].

[23] To constrain the ice rigidity, we calculate the
thermal regime of the ice sheet assuming thermal steady
state and translate the corresponding temperature field
into an ice rigidity field using Cuffey and Paterson [2010].
On ice shelves, we use the surface velocities to infer ice

rigidity—basal friction is zero—using a model inversion
[Rommelaere and MacAyeal, 1997; Morlighem et al., 2010].
All the numerical modeling is carried out using the open
source Ice Sheet System Model (ISSM) software [Larour
et al., 2012].

[24] In order to accurately capture both fast narrow ice
streams and slower regions, while maintaining a reasonable
computational cost, we rely on an anisotropic mesh refine-
ment [Morlighem et al., 2010] to minimize the interpolation
error of surface velocity and ice thickness and the total num-
ber of mesh elements. The resulting mesh comprises 64,000
triangles, with a resolution of 3 km along the coast. This
two-dimensional mesh is vertically extruded into 14 hor-
izontal layers forming a three-dimensional mesh of about
825,000 elements. We initialize the model with the data set
described above and solve the inverse problem on National
Aeronautics and Space Administration’s (NASA) Pleiades
supercomputer.

[25] We use !1 = 1 and then choose !2 such that the first
two terms have about the same order of magnitude, which
gives here !2 = 100. !t, the Tikhonov regularization param-
eter, is calibrated with an L-curve analysis [Hansen, 2000;
Jay-Allemand et al., 2011]. The Tikhonov parameter must be
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Figure 4. (a) Inferred basal friction, !b (kPa), (b) calculated driving stress, !d (kPa), (c) difference
between driving stress and basal friction (kPa). The driving stress and basal friction are on average within
15% of each other, over 80% of the ice sheet.
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Part 1.  Background on ice streams

2











Ice Ridge

Ice Stream

Ice Ridge

Ice Ridge

Ice Stream

Ice Shelf



How certain is future Antarctic mass balance?

Mass in

15 Ice Streams
1 km thickness
50 km width
1 km/yr flow velocity
(other smaller mass fluxes,

see Shepherd et al., 2012)

Mass out

Mass imbalance

Imbalance is equal to the discharge of just two ice streams.
How sure are we that this calculation will remain the same?



Current state-of-the-art ice sheet models
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radar-derived surface velocity (m/yr) of the Antarctic Ice Sheet [Rignot et al., 2011], overlaid on a
RADARSAT-1 backscatter image.

The last term of equation (29) was neglected in the incom-
plete adjoint (equation (22)). We cannot derive the local
equations and we compute the adjoint state by solving this
weak formulation directly.

4. Application to the Antarctic Ice Sheet
[22] We employ the SeaRISE data set to initialize our

model of the Antarctic Ice Sheet. The surface elevation
is from Bamber et al. [2009], bed topography merges
BEDMAP1 [Lythe and Vaughan, 2001], and the AGASEA
UT/BAS ice thickness data from year 2004 [Vaughan et al.,
2006; Holt et al., 2006], and ice shelf thickness is from
Griggs and Bamber [2011]. For the thermal regime, we
employ the surface temperatures from Comiso [2000] and
the geothermal heat flux from Maule et al. [2005]. Surface
velocities are from Rignot et al. [2011].

[23] To constrain the ice rigidity, we calculate the
thermal regime of the ice sheet assuming thermal steady
state and translate the corresponding temperature field
into an ice rigidity field using Cuffey and Paterson [2010].
On ice shelves, we use the surface velocities to infer ice

rigidity—basal friction is zero—using a model inversion
[Rommelaere and MacAyeal, 1997; Morlighem et al., 2010].
All the numerical modeling is carried out using the open
source Ice Sheet System Model (ISSM) software [Larour
et al., 2012].

[24] In order to accurately capture both fast narrow ice
streams and slower regions, while maintaining a reasonable
computational cost, we rely on an anisotropic mesh refine-
ment [Morlighem et al., 2010] to minimize the interpolation
error of surface velocity and ice thickness and the total num-
ber of mesh elements. The resulting mesh comprises 64,000
triangles, with a resolution of 3 km along the coast. This
two-dimensional mesh is vertically extruded into 14 hor-
izontal layers forming a three-dimensional mesh of about
825,000 elements. We initialize the model with the data set
described above and solve the inverse problem on National
Aeronautics and Space Administration’s (NASA) Pleiades
supercomputer.

[25] We use !1 = 1 and then choose !2 such that the first
two terms have about the same order of magnitude, which
gives here !2 = 100. !t, the Tikhonov regularization param-
eter, is calibrated with an L-curve analysis [Hansen, 2000;
Jay-Allemand et al., 2011]. The Tikhonov parameter must be
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Figure 4. (a) Inferred basal friction, !b (kPa), (b) calculated driving stress, !d (kPa), (c) difference
between driving stress and basal friction (kPa). The driving stress and basal friction are on average within
15% of each other, over 80% of the ice sheet.
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Figure 5. Inferred basal friction coefficient ˛ (Pa yr/m)1/2,
which relates basal friction to basal velocity. The white lines
indicate the location of ice topographic divides.

large enough to prevent the formation of wiggles in the solu-
tion but small enough so that the model fits the observations.
The L-curve analysis is a tradeoff curve between the two
quantities that both should be controlled: the misfit between
model and observation (first two terms of equation (9), J0)
and the regularizing term (last term of equation (9), Jreg).
The L-curve analysis consists of calculating the misfit, J0,
and the regularizing term, Jreg, for different values of !t. The
results are displayed on a log-log plot (Figure 1). We choose
!t = 1 ! 10–7. We tested the algorithm with different initial
guesses for ˛ (˛0=10, 50, and 100 Pa yr/m1/2) and found that
the solution was not sensitive to the initial guess. We present
here the results for ˛0 = 100 (Pa yr/m)1/2.

5. Results
[26] We first compare the convergence of the inversion

using the incomplete adjoint approximation and the exact
adjoint (Figure 2) of our model. These two approaches
have been compared for a hybrid model combining the
Shallow-Ice Approximation and the Shallow-Shelf Approx-
imation by Goldberg and Sergienko [2011]. We find that
there is not much difference between the performance of
the exact adjoint and the incomplete adjoint, which suggests
that the incomplete adjoint is a satisfactory approximation
of the exact adjoint for basal friction inversion (Figure 2).
The difference between the inferred patterns of basal friction
coefficient is less than 4%.

[27] We also compare the convergence of a simple
steepest-descent algorithm and a Limited-memory Broyden-
Fletcher-Goldfarb-Shanno algorithm [Nocedal, 1980],
which uses a quasi-Newton method for both exact and
incomplete adjoints. To do so, we interface ISSM with the
Toolkit for Advanced Optimization [Munson et al., 2012].
As shown in Figure 2, the convergence is faster with the
quasi-Newton method, which converges quadratically.

[28] All these algorithms lead to similar patterns of basal
friction. We analyze here the results of the exact adjoint
with the quasi-Newton algorithm, which achieves the best

convergence. The misfit between modeled surface velocity
(Figure 3a) and observations (Figure 3b) is less than 10 m/yr
on average and less than 70 m/yr on areas of fast ice motion,
i.e., where ice speed is larger than 500 m/yr. Ice flow is
reproduced with great fidelity on both grounded and float-
ing ice. Gaps in observation do not have a detectable impact
on the continuity of the model solution. Results obtained for
a different initial guess of ˛ are similar, i.e., the inversion
method is robust.

[29] The inferred basal friction and driving stress are
shown in Figure 4 side by side. Basal friction and driving
stress are almost undistinguishable over the majority of
the ice sheet surface: they are within 15% of each other
over 80% of the domain. Both quantities are small near
ice divides, where surface slope is low, and large near the
coast, where surface slope is higher. Basal friction is high
along mountainous regions, e.g., the Transantarctic moun-
tains and the Antarctic Peninsula plateau, which are also
regions where uncertainties in ice thickness are high.

[30] We use a constant value for ˛ in equation (5). The
initial pattern of surface velocity is therefore different from
the observations. To speed up the inversion, the optimization
may be initialized with a basal friction equal to the driving
stress and assuming that the basal velocity is equal to the
observed surface velocity. In the case of a viscous friction
law (equation (5)), this yields

˛init =
!
" g H krsk
kvobsk + #v

"1/2
(31)

where #v = 0.1 m/yr. Because this initial guess is close to the
expected solution, the convergence is faster and we reduce
the risk of converging to a local minimum.

[31] The inferred basal friction coefficient (Figure 5)
is smooth but heterogeneous. The former is due to the
Tikhonov regularization, which stabilizes the inversion by
preventing the basal friction coefficient from varying sig-
nificantly over short distances. The addition of this regu-
larization does not increase the misfit between model and
observations since it is calibrated with an L-curve analysis,
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Figure 6. Ratio between modeled basal and surface
velocity in %. The white lines indicate the location of ice
topographic divides.
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Model Observed Tuned “Basal Sliding Parameter”

• The simulations shown are 3D, thermo-viscous creeping flow simulations with real bathymetric data.

• Variation in flow speeds results largely from the tuned basal sliding parameter rather than from actual 
physical processes.

• For this reason, such a description may have some utility if interpreted as a linearization about current 
conditions, but 

• it is unlikely that models such as this can forecast complex future changes.
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Direct observation of the ice-bed interface:
the WISSARD experiment

11

JPL Photo

1.  Fast sliding is facilitated by glacial till.

B.  Map of the Whillans Ice Plain (WIP)
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Direct observation of the ice-bed interface:
the WISSARD experiment

12

JPL PhotoImage Width ~ 0.15 m

2.  Subglacial water pressures can be very high.

B.  Map of the Whillans Ice Plain (WIP)
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JPL Photo

Image Width ~ 0.15 m

Fast flowing ice streams exist because of the lubricating 
effect of a water-saturated subglacial till.

Direct observation of the ice-bed interface:
the WISSARD experiment
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Ice stream shear margins
Shear margins are the lateral boundaries of the ice 
streams.  This causes a large velocity gradient.

15Suckale et al 2014



Ice stream shear margins

16Suckale et al 2014

The shear margin velocity gradient causes shear 
heating.



Subglacial hydrology
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Part 2.  Ice stream variability
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GPS observations

B.  Map of the Whillans Ice Plain (WIP)
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The Whillans Ice Stream is decelerating.

Beem et al. 2014

2018
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Episodic ice motion
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Slip event dynamics

high and low tide. A typical low-tide M7 stick-slip event consists of the following sequence
of events (e.g., Bindschadler et al., 2003; Wiens et al., 2008; Walter et al., 2011). Rapid
sliding commences at a region of the bed at or near the southern grounding zone of the WIP.
The zone of rapid sliding expands outward through propagation of a rupture front northward
as well as up- and downstream. While the initial rupture velocity is ⇠1 km/s, comparable
to the ice shear wave speed, it later decelerates to only a few hundred m/s. After a few
minutes, the rupture reaches the northern grounding zone. At this time the entire WIP is
sliding at an elevated rate. Note that the peak slip velocity (⇠50 m/d) is achieved through
a relatively constant slip acceleration. In some events, a secondary rupture front advances
from the northern grounding zone back toward the hypocenter in the south, at a speed
⇠1 km/s, accelerating the already slipping ice. The entire WIP then continues to slip for
another 10 to 20 min, gradually decelerating toward the much slower, interevent sliding rate.
These motions have been recorded with surface GPS instruments (e.g., Fig. 2a), some with
collocated broadband seismometers (Pratt et al., 2014, Figure 4d).
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Figure 2: Prominent features of a M7 stick-slip event, as recorded by on-ice GPS and seismic
instruments. (a) GPS velocity, showing initial acceleration followed by gradual deceleration.
(b) Seismogram (high-passed) showing both seismic tremor during M7 event and grounding
zone aftershocks after M7 event. (c) Zoom-in of grounding zone aftershock.
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Long term goal:  to quantify the processes that determine the strength of 
the ice-bed interface.

I validate an improved glacier sliding law against two observations:

1. Ice stream stick slip motion

high and low tide. A typical low-tide M7 stick-slip event consists of the following sequence
of events (e.g., Bindschadler et al., 2003; Wiens et al., 2008; Walter et al., 2011). Rapid
sliding commences at a region of the bed at or near the southern grounding zone of the WIP.
The zone of rapid sliding expands outward through propagation of a rupture front northward
as well as up- and downstream. While the initial rupture velocity is ⇠1 km/s, comparable
to the ice shear wave speed, it later decelerates to only a few hundred m/s. After a few
minutes, the rupture reaches the northern grounding zone. At this time the entire WIP is
sliding at an elevated rate. Note that the peak slip velocity (⇠50 m/d) is achieved through
a relatively constant slip acceleration. In some events, a secondary rupture front advances
from the northern grounding zone back toward the hypocenter in the south, at a speed
⇠1 km/s, accelerating the already slipping ice. The entire WIP then continues to slip for
another 10 to 20 min, gradually decelerating toward the much slower, interevent sliding rate.
These motions have been recorded with surface GPS instruments (e.g., Fig. 2a), some with
collocated broadband seismometers (Pratt et al., 2014, Figure 4d).
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Figure 2: Prominent features of a M7 stick-slip event, as recorded by on-ice GPS and seismic
instruments. (a) GPS velocity, showing initial acceleration followed by gradual deceleration.
(b) Seismogram (high-passed) showing both seismic tremor during M7 event and grounding
zone aftershocks after M7 event. (c) Zoom-in of grounding zone aftershock.

4



Stick-Slip Cycles:  the Sequence of Events
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Stick-Slip Cycles:  the Sequence of Events

During a slip event, ruptures
propagate across the ice stream.
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Stick-Slip Cycles:  the Sequence of Events

During a slip event, ruptures
propagate across the ice stream.

Not yet slidingRupture front

Direction of slip

Sliding



Stick-Slip Cycles:  the Sequence of Events

The slip events ends
   when accumulated 
      strain has been relieved.
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B.  Map of the Whillans Ice Plain (WIP)
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The balance of forces

Inertia

Longitudinal 

driving stresses
Vertical elastic shear 

Basal shearOur simplified ice sheet model 
represents a depth integrated, cross-
stream profile of an ice stream.

Inertia plays only a limited role in our 
simulations, but including it serves as a 
check on our predictions.

Most of the interesting dynamics come from the basal shear stress term.



Designing a stick-slip sliding law
During sliding with Coulomb 
Friction, the frictional coefficient 
instantaneously jumps from a static 
to a dynamic value.

𝜏 = 𝑓 𝜎

Coulomb Friction cannot explain 
the re-strengthening that causes 
repeatable slip events
and leads to numerical ill-posedness
due to the infinitely sharp transition 
in strength.

Sliding
Velocity

Friction
Coefficient

Time

V1
0

Static coefficient 
of friction

Dynamic coefficient 
of friction
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Designing a stick-slip sliding law
We use a  Rate- and State-
Dependent Frictional sliding law.   
Important properties:

1. An instantaneous strength 
increase during acceleration (a 
stabilizing feature), 

2. Evolution to a steady state 
value over a slip scale L.  Sliding 
is said to be rate weakening if 
b>a.

Sliding
Velocity

Friction
Coefficient ~ a

Normalized Slip, u/L

~ b

V1
V0

0 1 2 3 4-1-2-3
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3.   Supports both steady and unstable sliding

4.   The weakening length scale L is thought to scale with the grain 
size of the sheared material.



Designing a stick-slip sliding law

Traditional glacier sliding laws (i.e., 
Weertman, 1957) are inconsistent 
with stick slip cycles.

Stick-slip in the presence of steady 
loading requires a basal sliding law 
that results in cyclic acceleration and 
deceleration.

Importantly, traditional glacier sliding 
laws exhibit unrealistic unbounded 
strength and may therefore 
overestimate the resistance to 
forces that favore ice acceleration.

Log (      )Shear 
Stress 

Log (        )Sliding
Velocity



One sliding law, two behaviors
The transition between steady sliding and stick-slip occurs because of a 
balance between frictional weakening and elastic restoring force:

Sliding
Velocity

Friction
Coefficient ~ a

Normalized Slip, u/L

~ b

V1
V0

0 1 2 3 4-1-2-3

Slip

Stress
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Fast slip and Slow Slip
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Slow slip events happen in a unique range of parameter space:  
• Pore pressures are low enough to cause stick—slip cycles, yet
• Pore pressures are high enough to avoid inertial ruptures.

Whillans Ice Plain:
“Slow-Slip”

Quasi-steady tidal modulation Inertial rupture

High pore pressure Low pore pressure



Stick-slip cycles are consistent stagnation

1.  Low water pressure causes stick-slip cycles:

frictional weakening
due to sliding >   elastic resistance to slip

Absolute strength and weakening rate both depend on effective pressure.

depends on water pressure

Also depends on water pressure

Details:  The critical pore pressure p∗ results from a linear stability analysis of perturbations to steady 
frictional sliding with rate and state friction (see, for example Rice et al., 2001; Lipovsky and Dunham, 2016).

2.  Lower water pressure increases the absolute level of resistive shear stress
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B.  Map of the Whillans Ice Plain (WIP)
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A picture of conditions at the bed

Direction of ice flow
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A picture of conditions at the bed
Direction of ice flow

Rupture propagation occurs as the onset of slip moves from one 
weakening zone to another.
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We still have not addressed the details of the weakening zones…



Se
is

m
ic

Pa
rt

ic
le

V
el

oc
ity

 (
nm

/s
)

500

-500

Su
rf

ac
e 

V
el

oc
ity

 
(m

/d
ay

)

1. Ice stream stick slip motion

2. Tremor during ice stream slip events

0 s 1000 s 2000 s 3000 s

Part 3.  Glacier microseismicity



Seismic tremor occurs during slip events.
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one second
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This shows 20 earthquakes per second.

Same log-power color-scale in both figures
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Periodic earthquakes have periodic spectra.
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Periodic earthquakes have periodic spectra.
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Whillans Ice Plain, ~120 km cross stream

Lipovsky and Dunham, 2016

Ice thickness, H ~ 800 m
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Whillans Ice Plain, ~120 km cross stream
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Whillans Ice Plain, ~120 km cross stream

Lipovsky and Dunham, 2016

Ice thickness, H ~ 800 m
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Surface (GPS) Velocity, m/s

B.  Basal fault patch:  m-scale, <10 ms duration

Net Motion Over Cycle

Net displacement

No net displacment

Scale of B.

Strain Accumulation

No slip
on fault

Slip

More elastic rebound

Less elastic rebound

Steady slip Steady slip

Most strain in the bed

Limited strain in ice

C. 

ki kb Vs

ηV

V



Tremor and slow slip:
Both modeled with same sliding law

Models of tremor episodes reveal a tremendous amount of 
information about subglacial conditions:

• Seismic parameters:  slip, rupture velocity, fault dimension
• Till properties:  elastic modulus, grain size, water pressure
• The temporal variation of these properties.

Ice thickness, H ~ 800 m

A.  Whillans Ice Plain: 100 km cross-stream extent, 30 min duration of sliding 

Surface (GPS) Velocity, m/s

B.  Basal fault patch:  m-scale, <10 ms duration
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Seismic parameters: slip, 
rupture velocity, fault size

Surface 
Velocity 
(m/day)

Time (s)

Slip = Velocity x Recurrence Time ~ 50 microns



Seismic parameters: slip, fault size, 
seismic velocity amplitudes

Elastic Whole Space Bimaterial Interface



Subduction zone tremor and slow slip
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Rogers and Dragert (2003)



Subduction zone tremor and slow slip
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Liu and Rice (2008)



A picture of conditions at the bedDirection of ice flow

100 m scale

100 km scale



Interevent time is increasing.
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strain. However, the deceleration observed near the CSS
(W3B, 15%) was significantly higher than in non-stick–slip
locations (B190, 5%) between 2003/04 and 2010/11.

A conspicuous change in WIS’s behavior that coincided
with this relatively rapid deceleration was the increase in the
frequency of skipped events (Fig. 4). This change in behavior
is reflected in the substantial increase in long inter-event
periods (>20 hours) in the 2010/11 dataset, occurring on
⇠40% of days vs ⇠1% in 2003/04 (Fig. 8). During our
observations, we recorded skips for low-tide events only; no
skipped high-tide events were observed. As noted in
previous studies and reviewed earlier, slip events following
longer inter-event duration move farther; however, more
motion is lost when a low-tide event is skipped than the
extra slip in the following event, so that skips are associated
with reduced average velocity. For example, during a neap
tide, motion over the center of the ice stream (station W2B)
is typically accommodated by two slip events that each
follow a ⇠12 hour inter-event period, each resulting in
⇠0.47m of displacement (Fig. 6), for a total of ⇠0.94m of
stick–slip motion during 24 hours. However, a slip event
following an entire of day of dormancy moves only ⇠0.68m,
a 28% reduction in total motion.

The reduction in motion on single slip-event days
accounts for the higher rates of deceleration observed in
the stick–slip portion of WIS between 2003/04 and 2010/11.
A similar relationship between inter-event duration and slip
event displacement during 2004 and 2010 (Fig. 6) reveals
that on normal days, those with two slip events, total motion
was similar during each campaign. A linear regression
through the data suggests a small downward shift in the
trend (⇠2 cm per slip event) between 2004 and 2010, that
corresponds to ⇠2% reduction in mean flow speed;
however, this effect is small compared to the influence of
the relative abundance of skipped low-tide events (40% of
days). The lower motion during single-slip-event days
accounts for two-thirds of the 60ma–1 mean flow speed
reduction (from 405ma–1 to 345ma–1) observed at station
W2B between 2004 and 2010 (Figs 2 and 7), accounting for

the higher rate of deceleration than observed upstream (i.e.
station B190). Thus, while the long-term trend of deceler-
ation is probably related to the strengthening of the ice-
stream bed, the more-rapid deceleration between 2004 and
2010 was promoted by the increasing frequency of skipped
events. Likewise, the relative stability of flow speed between
1997 (and perhaps earlier) and 2004 was likely sustained by
the stability of the twice-daily stick–slip regime.

3.3. Elevation changes from ICESat

Our findings of unsteady deceleration prompted us to revisit
the evolution of WIS as recorded by the Ice, Cloud and land
Elevation Satellite (ICESat) mission (Abshire and others,
2005). The ICESat mission provides 18 snapshots (averaged
over⇠1month periods) from early 2003 until late 2009, thus
spanning the transition from low to high deceleration rates
recorded in the velocity observations. Several previous
studies have evaluated elevation changes on WIS in an
attempt to better understand the current deceleration (Bind-
schadler and others, 2005; Csatho and others, 2005; Smith
and others, 2005; Pritchard and others, 2009). Additionally,
ICESat’s frequent repeat observations allowed for the
discovery of an interconnected system of active subglacial
lakes on the downstream portion of the ice stream (Fricker
and others, 2007).

We estimate surface-elevation change by measuring the
difference between crossovers from different ICESat oper-
ational periods. Higher spatial resolution can be obtained by
exploiting ICESat’s high along-track sampling (65m foot-
prints every 172m); however, this analysis is complicated by
technical issues that resulted in repeat tracks being offset by
up to hundreds of meters (Pritchard and others, 2009).
Fortunately, the proximity of WIS to the orbital limit of
ICESat results in a relatively abundant and spatially extensive
dataset of crossovers (⇠4 points per 25 km2 during each
operational period). This spatial density is sufficient for a
regional assessment, so we employed this approach.

We use ICESat Release 33 and correct for Gaussian-
centroid range errors introduced by transmit-pulse reference
selection using data and software obtained from the US
National Snow and Ice Data Center (Borsa and others,
2014). We did not use any data points located above
previously identified subglacial lakes. Firn corrections were
not applied to the observed elevations due to the relatively
small errors (<0.2m) expected to be introduced for this
region (Pritchard and others, 2012). Spurious data points
were identified automatically as any point measurements
differing by >10m from the ICESat-derived digital elevation
model (Bamber and others, 2009). We assessed the accuracy
of the crossover analysis by calculating the standard
deviation of crossovers for single laser periods; the 30 cm
value is similar to previously published values (Smith and
others, 2005) and sufficiently small that the pattern of
changes detected between periods is highly significant. We
calculated all surface elevation changes relative to the
second ICESat laser operation period (operational period
L2A ⇠October 2003), the earliest operational period that
provides a relatively high degree of spatial coverage. Figure 9
shows the elevation changes for WIS between late 2003
(operational period L2A) and early 2009 (operational period
L2E), interpolated onto a 2 km grid and smoothed at 20 km.

As expected, the data clearly show development of a
prominent surface-elevation change feature on WIS, a broad
regional bulge ⇠1.5m high at the junction between the

Fig. 8. Histogram of inter-event durations preceding slip events
observed during the 2003/04 and 2010/11 field campaigns. Note
the increase in long inter-event (>20 hours) durations in 2010/11
resulting from frequent skipped low-tide events.

Winberry and others: Ice-stream stick–slip and slowdown800

Winberry et al., 2014
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Mechanical and hydrologic properties of Whillans
Ice Stream till: Implications for basal strength
and stick-slip failure
J. R. Leeman1, R. D. Valdez1, R. B. Alley1, S. Anandakrishnan1, and D. M. Saffer1

1Department of Geoscience, Penn State, University Park, Pennsylvania, USA

Abstract Ice streams transport large volumes of inland ice to the ocean and play a key role in the mass
balance of the Antarctic ice sheet. The rate and style of ice stream basal slip are governed, in part, by the
underlying till whose physical properties are poorly constrained. To address this problem, we conducted a
suite of laboratory measurements to document the permeability, stiffness, consolidation behavior, and
compressional wave speeds of Whillans Ice Stream till samples. We investigated the effects of stepped
and cyclic loading on the evolution of the till. Initial permeabilities were 3.8–4.9× 10!17m2 (porosities
28.1–31.8%), which decreased to 2.0× 10!19m2 (20.4%) at 10MPa effective stress. P wave velocities span from
2.26 to 3 km/s over this effective stress range and are well described by an effective medium model. The
laboratory measurements were used to parameterize a 1-D numerical model to predict the till’s response to
stress perturbations. Perturbations corresponding to tidal periods produce a drained and strengthened layer
tens of centimeter thick. For perturbations over time scales of weeks to months, as expected for till motion over
basement features, the drained zone is a fewmeters thick. This strong layer can become brittle upon unloading
and may facilitate observed stick-slip motion. Extrapolation of our effective medium model suggests that low
basal effective stresses, on the order of a few tens of kPa, are needed to produce seismic velocities observed in
the field (Vp~1750m/s; Vs~160m/s) and provides an approach to quantify and monitor in situ conditions.

1. Introduction

Ice streams are regions of fast-moving grounded ice shearing past slower-moving regions of ice. In Antarctica,
ice streams discharge over 90% of the interior accumulation over only ~13% of the coastline, making them cri-
tical to the ice sheet mass balance [Morgan et al., 1982]. Motion of ice streams is complex, as the flow can
migrate, stagnate, or even occur in a stick-slip fashion, inducing seismicity [Anandakrishnan et al., 2003; Wiens
et al., 2008; Walter et al., 2011]. Many models have attempted to explain the nature of ice stream movement,
mostly invoking high basal water pressures, often coupled to soft subglacial sediments that smooth the bed
and deform to lubricatemotion [Bentley, 1987; Alley et al., 2004; Cuffey and Paterson, 2010]. However, direct mea-
surements sampling the subglacial environment of ice streams remain highly limited [Cuffey and Paterson, 2010].

Ice streaming is often observed to start over sedimentary basins, suggesting that flow begins where the
bed first becomes deformable [Anandakrishnan et al., 1998; Bell et al., 1998; Cuffey and Paterson, 2010].
Understanding the mechanical properties of the till immediately underlying the ice is therefore of primary
importance, as it may control the flow rate and stability of the ice stream, and ultimately play a key role in
the ice sheet mass balance [Tulaczyk et al., 2000; Kamb, 2001]. Sediment-water interactions are also important
in controlling grounding zone processes [e.g., Dowdeswell et al., 2008; Cowan et al., 2014].

Laboratory till-deformation experiments have provided important insights into the rheologic behavior of till
[e.g., Clarke, 1987; Iverson et al., 1997, 1998; Kavanaugh and Clarke, 2006; Thomason and Iverson, 2008; Iverson and
Zoet, 2015], and the measured mechanical properties are comparable to the few reported field measurements,
suggesting that the laboratory measurements can be upscaled effectively [Tulaczyk, 2006]. Since that important
earlier work, there has been an increasing interest in the response of till to cyclic loading because of a growing
body of evidence indicating that ice stream motion is tidally modulated in many cases. Examples include
variations in velocity observed on Kamb Ice Stream (formerly ice stream C) [Anandakrishnan and Alley, 1997],
on neighboring Bindschadler Ice Stream (formerly ice stream D) [Anandakrishnan et al., 2003], and elsewhere
[Gudmundsson, 2007; Zoet et al., 2012]. Water-pressure observations beneath Whillans and Kamb Ice Streams
also documented diurnal variations of 10–20 kPa, consistent with the dominant tidal frequency in the region
[Engelhardt and Kamb, 1997; Kamb, 2001].
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are observed via field experiments [Blankenship et al., 1986, 1987; Luthra et al., 2016]. This provides new
evidence supporting inferences of low effective stresses, and thus low shear strength, at the base of the
ice stream (Figure 7).

3.4. Hydrologic Model

To explore the implications of our laboratory measurements for the hypothesized development of a “hard
layer” that enables stick-slip motion of the ice stream, we developed a simple 1-D transient finite difference
model implemented with the Python package FiPy [Guyer et al., 2009] that simulates coupled compaction
and drainage in a vertical column of till with heterogeneous properties (Figure 8). Because permeability
and compressibility vary strongly and nonlinearly with effective stress, we use a 0.01m nodal spacing and
a time step of 0.01–100 s, increasing as the model changes become more gradual. This allows us to quantify
the evolution of till porosity, stiffness, permeability, and effective stress in response to perturbations at the ice
streambed. By incorporating theconstitutive relationsobtained fromour laboratorymeasurements (Figure S3)
we account for the significant and nonlinear evolution of porosity, permeability, and compressibility during
compaction [Skarbek and Saffer, 2009] that are typically not included in simple models having homogeneous
and/or time-invariant physical properties [e.g., Gibson, 1958;Wissa et al., 1971].

This model provides first-order insights into the time-dependent behavior of the system and the time and
length scales of drainage relevant to subglacial processes. The model is initialized with a hydrostatic pressure
gradient, and the vertical effective stress at the top boundary (ice-till interface) is then increased instanta-
neously to explore the response to a perturbation. This value is then held constant (Dirichlet boundary),
and the till layer is allowed to evolve. The bottom boundary, 10m below the till-ice interface, is controlled
with Neumann boundary conditions of zero flux to emulate the harder semiconsolidated bedrock on which
the till is deposited. The upper boundary is physically equivalent to allowing drainage into an ice-contact
water system at the specified pressure, of the sort known to exist beneath Whillans Ice Stream [Engelhardt
and Kamb, 1997; Kamb, 2001].

The governing equation for fluid flow is

∂
∂z

K
Ss

∂h
∂z

! "
¼ ∂h

∂t
(3)

where h is hydraulic head (m), Ss is specific storage (m
"1), and K is hydraulic conductivity (m s"1). Specific sto-

rage is in turn defined from compressibility, where β is the till compressibility and ζ is the fluid compressibility
and ϕ the sample porosity.

Ss ¼ ρg β þ ζϕð Þ (4)

Figure 8. (a) Flow chart showing the sequence used when computing the 1-D hydrologic model. (b) A cartoon version of the
system with ice unloading the till beneath it on a tidal timescale. Upward drainage as a result of lower effective stress at the
ice-till interface will quickly result in the formation of a hard layer that slows further drainage and limits the hard layer depth to
tens of centimeters. (c) Loading from the ice will inject water back into the till as the basal hydraulic pressure is increased.
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Details:  The change in the bed effective shear modulus can be computed 
through an effective medium (e.g.., Voight-Reuss) description.  The shear modulus 
is inversely related to the porosity because bulk averge shear modulus decreases 
when there is a higher water fraction.

Dilatancy during rapidly sliding phaseCompaction during stick-phase 
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The ice sheet bed is stiffening
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repeating events rather than resonance of a fluid-filled crack
of cavity (Lipovsky and Dunham, 2015) or wave propagation
effects (Bean et al., 2014; Lough et al., 2015).
Motion of the WIP is due to the longitudinal stresses that

result from the push of upstream ice. This loading occurs
within the ice column, which results in a net motion of the
ice during large-scale slip events. We assume that the ice and
the bed deform elastically, a valid approximation over the
15 min duration of a tremor episode (Fig. 2) (Goldberg et al.,
2014). Throughout the earthquake cycle on the tremor patch,
most motion occurs on the side of the patch that has the more
compliant material (Fig. 2b, center). We discuss elastic strain
partitioning between the ice and the bed in greater detail in
Sect. 5.1.
Slip �(x, t) at a point x on the ice–bed interface is de-

fined as the difference in displacement between the upper
and lower faces of the interface. The portion of the ice–
bed interface outside the tremor-producing patch experiences
relatively steady slip at nearly constant shear stress. This
shear stress holds the bed in an elastically deformed state
but causes no accelerations there. For this reason, outside the
tremor-producing patch the slip rate V (x, t) = @�(x, t)/@t is
equal to the surface velocity Vs. When the tremor-producing
patch is locked it experiences no slip and strain accumulates
in time at a rate proportional to Vs (Fig. 2b, left) and inversely
proportional to the patch size. Accompanying this straining
is an increase in stress on the patch, which ultimately fails in
a small slip event than relaxes the stress.
The tremor-producing patch thus experiences variations in

the basal shear stress that give rise to stick-slip oscillations
(Sect. 5). In this study we do not attempt to resolve the spatial
details of the slip process, given that seismic wavelengths in
the available data are larger than the patch size. We therefore
focus on the spatially averaged slip,

D(t) = 1
A

Z

tremor patch
surface

�(x, t) dA

= 1
A

tZ

t0

Z

tremor patch
surface

V (x, t
0
) dA dt 0, (1)

where t0 is the time at the beginning of a tremor slip event.
The total slip in one event is achieved after a duration of
T ⇠ 1/80 s. Whereas D(t) refers to the cumulative spatially
averaged slip, we use the notation D (without an explicit ar-
gument) to refer to the spatially averaged total slip in a single
event.
The sliding velocity of the tremor-producing patch aver-

aged over many slip cycles is approximately Df0 for slip
pulses that are evenly separated in time by f

�1
0 . This rela-

tionship assumes that all motion occurs during seismically
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Figure 5. Time series of inferred parameters (a–d) and their his-
tograms (e–h) for six tremor episodes. Properties of the events are
listed in the table in Fig. 4g. The colors and symbols used in the
time series and histograms are the same as in Fig. 4.

expressed slip events, as we discuss in greater length in
Sect. 7.2. Over multiple earthquake cycles the sliding veloc-
ity must keep pace with the surface velocity of the ice Vs,

D = Vs /f0. (2)

Using observations of Vs and f0, we infer values of D ⇡
15–75 µm (Fig. 5d). Seismograms sometimes show multiple
tremor episodes that are simultaneously recorded at a single
station. In Fig. 3a, for example, these tremor bands appear as
low as 1–2Hz. These tremor events haveD as large as 1mm.

4 Wave propagation

We now describe the relationship between slip on the tremor-
producing patch and the seismic particle velocity amplitudes
recorded at on-ice seismometers. In our description, these
amplitudes are influenced only by the accelerations on the
tremor patch, tremor patch size, geometrical spreading, and
potential bi-material effects arising from the fault being lo-
cated at the interface between ice and the bed material. At-
tenuation is thought to be unimportant at the frequencies of
interest in the present study based on the following reason-
ing.
The seismic quality factor Q for ice is in the range 400–

1000 over all of Antarctica (Peters et al., 2012). For wave
propagation distances on the order of the ice thicknessH , at-
tenuation becomes important only at frequencies greater than
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