
Some Logistics: Class projects

• Please schedule a meeting with me to discuss your project.
• From the syllabus:

Students will work alone or in groups to answer a glaciological research question that 
they formulate with the assistance of the Instructor. 
It’s recommended that students begin to formulate their research question by visiting 
office hours throughout the term. 
The final project will consist of 
1) a written report of about the length of a paper in Geophysical Research Letters, 
2) 2) an open repository of any codes developed for the project, and 
3) 3) a 15- minute “AGU” style talk. 

• 50% of the class grade consists of the final project. 



Project Ideas

• Climate centered:  describe, model, and analyze a climate-related time 
series that requires glaciological insight.  Examples:  radar stratigraphy in 
Antarctica, South Pole weather station data.
• Geophysics centered: describe, model, and analyze a glacier seismic data 

set that relates to glacier basal seismicity.
• Applied Math:  Pursue results in nonlinear stokes flow: time reversibility, 

representation theorems, flow approximations.
• Large scale computing:  run a large scale ice sheet model to investigate the 

ice dynamics in a particular glacier or region of the ice sheets.
• Laboratory experiments:  do actual lab experiments on the physics of ice.  

Possibilities include high speed friction of ice, ice fracture properties, 
experiments on floating ice plates, slow ice deformation.
• Or propose your own topic!



Glaciers as thin flows

Photo: Swiss Glaciers
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Figure 1
(Top panel) Surface velocities in Antarctica, generated from the data set in Rignot et al. (2011). Part of the domain shown consists of
floating ice. Clearly visible is the channelized structure of ice-stream flow. (Bottom panels) Cross sections of Antarctica, as shown by the
lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u 1, u 2, u 3) = (u , v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = − σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:

∇ · u = 0. (1)
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lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u 1, u 2, u 3) = (u , v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = − σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:
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Glaciers as thin flows



Glaciers as thin flows
Aspect ratio 1 (Icebergs)

Aspect ratio 10 (Width cross section of a valley glacier)

Aspect ratio 100 (Length cross section of a valley glacier)

Aspect ratio 1000 (Length cross section of an entire ice sheet)



The Shallow Ice 
Approximation



Vertical Profile of glacier velocities

Figure:
Ed Bueler



SIA is extremely diffusive
20

Figure 12. The SIA model evolves the huge-driving-stress initial ice sheet
at left to the ice cap at right in only 50 model years.

In roughice.m we give siaflat.m a randomly-generated initial ice sheet which is of
the worst possible sort because it is thick (average of 3000 m) and it has large surface
slopes. The product H|rh| is therefore large everywhere. The initial shape is shown in
the left side of Figure 12. During the run of 50 model years on a 17 km grid, the time
step is determined adaptively from (35). The maximum di↵usivity D decreases over the
course of the run, as the surface becomes smooth through flow, and thus the time-step
increases from about 0.0002 years to 0.2 years. The maximum value of the driving stress
decreases from 57 bar (= 5.7⇥ 106 Pa) to 3.6 bar. At the end of the run the ice cap has
the shape shown at right in Figure 12.
The shape at right in Figure 12 is rather close to a Halfar solution (40). Halfar essen-

tially proved that all solutions of the zero-mass-balance SIA on a flat bed asymptotically
approach (40); the Halfar solution is generic and attracting.

7. Application to the Antarctic ice sheet

Finally we apply the model to the Antarctic ice sheet. To do this we must first modify
siaflat.m to allow non-flat bedrock elevation b(x, y) and arbitrary surface mass balance
M(x, y), and we enforce non-negative thickness at each timestep. (In other words, we
must complete the mass-continuity part of the model, whereas we have already tested
the flow part.) Also we add a minimal model of interaction with the ocean, namely we
calve-o↵ any ice that satisfies the flotation. The result is siageneral.m (not shown), a
code only ten lines longer than siaflat.m.
We use measured accumulation, bedrock elevation, and surface elevation from ALBMAPv1

data [35]. Melt is not modelled so the climatic mass balance is equal to the precipitation
rate, clearly a more-suitable approximation for Antarctica than for Greenland, for exam-
ple, but still a rough approximation. These input data are read from a NetCDF file and
preprocessed by an additional code buildant.m (not shown).
The code ant.m (not shown) calls siageneral.m to do the simulation in blocks of 500

model years. The volume is computed at the end of each block. Figure 13 shows the
initial and final surface elevations from a run of 40,000 model years on a �x = �y = 50
km grid. The runtime on a typical laptop is a few minutes.

• Wavelengths attenuate as exp (- k2 t)

Figure:
Ed Bueler



Shallow Ice Approximation:  Model Inputs



Shallow Ice Approximation: Model results



Shallow Ice Approximation: Model results

• Model run at 25km resolution takes about 20 minutes to run.



Comparison to surface elevation observations



Comparison to velocity observations

Rignot et al 2011





What controls amount of basal sliding?
In the next lecture, we’ll explore two 
endmember types of sliding 
behavior:

1) When water pressure is very high, 
the ice quickly and easily slides 
over the bed.

2) At lower water pressures, the ice 
deforms around bedrock obstacles 
by shear thinning flow and 
regelation.



Swiss Glaciers



Swiss Glaciers


